NONLINEAR STRUCTURES DETERMINED BY MEASURES ON BANACH SPACES
By K. David ELWORTHY
INTRODUCTION.
A. A Gaussian measure y on a separable Banach space E, together with the topolcTgical vector space structure of E, determines a continuous linear injection i : H -> E, of a Hilbert space H, such that y is induced by the canonical cylinder set measure of H. Although the image of H has measure zero, nevertheless H plays a dominant role in both linear and nonlinear analysis involving y, [ 8] , [ 9 ] , [10] .
The most direct approach to obtaining measures on a Banach manifold M, related to its differential structure, requires a lot of extra structure on the manifold : for example a linear map i : H -> T M for each x in M, and even a subset M-^ of M which has the structure of a Hilbert manifold, [6] , [ 7 ] . In the manifold case it has not been clear how much of this additional structure is really required ; or, slightly reformulated : do certain measures on an infinite dimensional manifold M, together with the differential structure of M, determine any such additional structures ? As a special case of this we can ask whether every diffeomorphism of E which preserves the Gaussian measure y necessarily maps i(H) to itself, or has derivatives which preserve i(H).
21
21 Along similar lines, it is plausible that the Hilbert manifold L ' (x) of L ' o paths starting at x,, on a Riemannian manifold X may play a central role for the Wiener measure on the manifold C (X) of continuous paths in X, [ 6 ] , [ 7 ] . If so it o 2 1 . should be possible to characterise L ' (X) in terms of that measure and the diffeo rentiable structure of C (X).
0
Although we do; not answer these questions, we show here that any strictly positive Radon measure on a smooth manifold determines some structure : namely a partition of M into subsets invariant under measure preserving diffeomorphisms, and subspaces in the tangent spaces to M invariant under the derivatives of such diffeomorphisms. For infinite dimensional M these are shown to be non-trivial in a class of important cases : and the partition may well be non trivial in general, in infinite dimensions. A concrete consequence is obtained in Corollary 4 A : the group of diffeomorphisms of an infinite dimensional separable Banach space E preserving a given Gaussian measure does not act transitively on E. This is false for the group of measure class preserving diffeomorphisms : Theorem IB. Another consequence, concerning group actions, is given in § 3C.
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The precise definitions of the invariants may seem rather unnatural : they have been chosen from a wide range of similar definitions simply in order to make the theorems true and to show that non-trivial invariants' exist, not because of any obvious intrinsic geometric meaning. A particularly interesting point is that the interpolation K-functors, as described by PEETRE in [13] , play an important role in several different places : especially Corollary 2 C and Proposition 4 B. Full proofs and a more detailed discussion will be made available elsewhere.
B. We are concerned with measures on topological spaces : by which we mean posi- This follows automatically, when p is finite, if the space is separable and admits a complete metric, see [12] , [15] . Recall that a Borel measure is a Radon measure if it is locally finite and tight.
- if v G ?" 6.. ^ ,9 ---e.ooThis is a special case of the more general construction of K-functors described in [13 ] . The properties we need are
Kl : E , | | is a Banach space. [However TC (K) can certainly be dense in E.]
INFINITESIMAL PROPERTIES OF MEASURES.
A. Let p be a strictly positive, locally finite, measure on a metric space (M,d). 
obtained from g*-->-g.a is compact.
However it semms likely that the above is true for group actions which only preserve the measure up to equivalence. For the linear case with G a group of translations see [ 16] .
• " <.,. In fact for all z e H and x e T(E ,H) we have z ~ z+x.
ORDERING INDUCED BY
[We identify points of E and H with their images in E].
